1. Moreover, if this holds true, then either projdim R (M ) or injdim R (N ) is finite. In addition, a counterpart of this result for Tor-modules is provided. Furthermore, we give a number of necessary and sufficient conditions for a CM local ring of minimal multiplicity to be regular or Gorenstein. These conditions are based on vanishing of certain Exts or Tors involving homomorphic images of syzygy modules of the residue field.
Introduction
Let (R, m, k) be a Noetherian local ring. A celebrated result by Auslander and Lichtenbaum is the following: [Hei93] ) showed that rigidity may fail even when R is a CohenMacaulay (CM) local ring and projdim R (M ) is finite. Let S be a local complete intersection ring of codimension c. In [Mur63, Theorem 1.6], Murthy showed that c + 1 consecutive vanishing of Tors involving a pair of finitely generated S-modules force the vanishing of all subsequent Tors. We refer the reader to [Avr98, Theorem 9.3.6] for a concise proof of this result. It has been generalized further by Avramov and Buchweitz in [AB00, Theorem 4.9]. Moreover, they proved a counterpart of this result for Ext-modules; see [AB00, Theorem 4.7] . In this article, we prove analogues of Murthy's result and that of Avramov and Buchweitz for deformations of CM local rings of minimal multiplicity.
The multiplicity of an R-module M , i.e., the normalized leading coefficient of the Hilbert-Samuel polynomial P M (n) (= length of M/m n+1 M for all sufficiently large n) is denoted by e(m, M ), or simply by e(M ). In [Abh67, (1)], Abhyankar showed that if R is CM, then e(R) µ(m) − dim(R) + 1, where µ(M ) denotes the minimal number of generators of M . If equality holds, then R is said to have minimal multiplicity, or maximal embedding dimension. It is well known that if the residue field k is infinite, then R has minimal multiplicity if and only if there exists an Rregular sequence x with the property that m 2 = (x)m; see, e.g., [BH98, 4.6.14(c)]. Hence every regular local ring has minimal multiplicity. But the converse is not necessarily true, e.g., R 1 = k[U, V ]/(U 2 , U V, V 2 ) and R 2 = k[[U, V ]]/(U V ), where U and V are indeterminates, and k is a field. Note that R 1 is not even Gorenstein.
We now state our main results. We first give a result on vanishing of Ext: 
Moreover, if this holds true, then either projdim R (M ) or projdim R (N ) is finite.
We note that practically all results on complete intersection rings (including the results of Murthy, Avramov-Buchweitz) does use the fact that projective dimension of all modules over a regular local ring is finite. This is not the case in our case. The essential property of rings of minimal multiplicity that we use is the following: The first (and hence all subsequent) syzygy of a non-free MCM module is Ulrich. Recall an R-module M is said to be Ulrich if the following hold:
(i) M is an MCM R-module. (An MCM module is assumed to be non-zero).
(ii) e(M ) = µ(M ). It should be noted that for an MCM R-module M , we always have e(M ) µ(M ). Moreover, when k is infinite, then equality holds if and only if mM = (x)M for some M -regular sequence x; see [BHU87, Lemma (1.3)].
As an application of our result, we show that the commutative version of a conjecture of Tachikawa holds true for deformations of CM local rings of minimal multiplicity; see Theorem 7.2. As other applications, we obtain a few necessary and sufficient conditions for a deformation of a CM local ring of minimal multiplicity to be regular or Gorenstein. These conditions are based on vanishing of certain Exts or Tors involving homomorphic images of syzygy modules of the residue field; see Theorems 7.4 and 7.5.
In this article, we also provide a number of necessary and sufficient conditions for a CM local ring of minimal multiplicity to be regular or Gorenstein. These criteria are in terms of homomorphic images of syzygy modules of the residue field; see Here is an overview of the contents of the article. In Section 2, we introduce some notations and discuss a few results that we need. In Section 3, we show properties of Ulrich modules as test modules for projective and injective dimensions. In Section 4, we provide some results on vanishing of Exts and Tors over CM local rings of minimal multiplicity. These are the base cases of Theorems 1.2 and 1.3. In Section 5, we give our results on regularity and Gorenstein properties of CM local rings of minimal multiplicity. In Section 6, we prove our main results: Theorems 1.2 and 1.3. Finally, in Section 7, we give applications of our results.
Preliminaries
Throughout this article, unless otherwise specified, all rings are assumed to be commutative Noetherian local rings, and all modules are assumed to be finitely generated. Moreover, R always denotes a CM local ring of dimension d with the unique maximal ideal m and residue field k. For an R-module M , and n 0, we denote the nth syzygy module of M by Ω R n (M ), i.e., the image of the nth differential of an augmented minimal free resolution of M . The module Ω R n (M ) depends on the choice of a minimal free resolution of M , but is unique up to isomorphism.
2.1.
To prove our results, we may without loss of generality assume that the residue field k is infinite. If the residue field k is finite, then we use the standard trick to replace R by
, where X is an indeterminate. Clearly, the residue field of R ′ is k(X), which is infinite. For more detail explanations, we refer the reader to [Gho, Section 2.1].
2.2.
Let M be an R-module, and x be an M -regular element. It is not always true that e(m, M ) = e(m/(x), M/xM ). This holds true if x is an M -superficial element. An element x ∈ m is called M -superficial if there exists an integer c 1 such that
It is well known that if k is infinite, then there exists an M -superficial element. If dim(M ) 1, then for every M -superficial element x, it can be shown that x / ∈ m 2 , which yields that µ(m/(x)) = µ(m) − 1. If depth(M ) 1, then one can easily show that every M -superficial element is M -regular; see, e.g., [HM97, p. 67, paragraph 3] for the case M = R. Moreover, if x ∈ R is both M -superficial and M -regular, then e(m, M ) = e(m/(x), M/xM ); see [Put03, Corollary 10(5)]. Thus, in view of these results, we obtain the following: Lemma 2.3. (i) Assume that x ∈ R is both R-superficial and R-regular. If R has minimal multiplicity, then R/(x) also has minimal multiplicity.
We recall the following lemma concerning the behaviour of consecutive vanishing of Exts or Tors after going modulo a regular element. By considering the long exact sequences of Ext (resp. Tor) modules, and using induction on j, one can prove the following:
Lemma 2.5. For R-modules M and N , we have the following isomorphisms: N ) for all i 1 and j 0. Using a standard change of rings spectral sequence, we obtain the following: Lemma 2.6. Set S := R/(f ), where f is an R-regular element. Let M and N be S-modules. Then we have the following long exact sequence:
Consider the standard change of rings spectral sequence:
The following is the counterpart of Lemma 2.6 for Tor-modules.
Lemma 2.7. Set S := R/(f ), where f is an R-regular element. Let M and N be S-modules. Then we have the following long exact sequence:
Here we collect a few well-known facts about canonical modules for later use. 
where f 1 , . . . , f c is an R-regular sequence. Suppose that R has a canonical module ω R . Then R ′ also has a canonical module ω R ′ , and 
Behaviour of an Ulrich module as test module
Throughout this section, (R, m, k) is a CM local ring of dimension d. Here we study Ulrich modules. We start with the following theorem, which shows that every Ulrich module behaves like a test module that detects the finiteness of homological dimensions for MCM modules.
Theorem 3.1. Let M be an Ulrich R-module, and N be an MCM R-module.
Proof. We prove this theorem by using induction on d. Let us first consider the base case d = 0. In this case, since M is Ulrich, we have mM = 0, i.e., M is a non-zero k-vector space. Therefore Ext (k, N ) = 0 for some i 1, which implies that projdim R (N ) is finite. Since N is MCM, it then follows from the Auslander-Buchsbaum Formula that N is free.
We now give the inductive step. Assume that d 1. In view of Section 2.1, we may as well assume that the residue field k is infinite. Hence there exists an 
Proof. For a short exact sequence 0 → U → V → W → 0 of R-modules, by virtue of the Depth Lemma, we have depth(U ) min{depth(V ), depth(W ) + 1}. Using this fact, one can prove that Ω R d−t (N ) is an MCM R-module. In view of Lemma 2.5, we get that
and
Therefore, from the hypothesis of (i) (resp. (ii)), we obtain that Ext 
Vanishing of Exts and Tors over CM local rings of minimal multiplicity
In this section, we study the vanishing of Exts or Tors over CM local rings of minimal multiplicity. We need the following well-known lemma, which shows the existence of Ulrich modules provided the base ring has minimal multiplicity. It is essentially contained in [BHU87, 2.5]. The following theorem particularly shows that over a CM local ring R of minimal multiplicity, Tor 
, for all i 2d−(s+t)+2. These isomorphisms, along with the hypotheses of the theorem, yield that 
Proof. If projdim R (M ) is finite, then there is nothing to prove. So we may assume that projdim R (M ) is infinite. Hence, as in the proof of Theorem 4.3, we get that Ω R d−s+1 (M ) is an Ulrich R-module. In view of Lemma 2.5(i), we obtain that
, for all i d − s + 2. These isomorphisms, along with the hypotheses of the theorem, provide that Ext 
, where k is a field. Let x and y be the images of X and Y in R respectively. Then R is an Artinian local ring with the maximal ideal m := (x, y). Since m 2 = 0, R does not have minimal multiplicity. Set M := (x) and N := (y). Let E be the injective hull of k over R. Set (−) ∨ := Hom R (−, E). Considering the minimal free resolution of M :
Since M is annihilated by x, it is not free. Similarly, N is not free. By Matlis Duality, it can be verified that N ∨ is not injective.
The following well-known example shows that the number of consecutive vanishing of Tors (resp. Exts) in Theorem 4.3 (resp. 4.4) cannot be further reduced. . Suppose x and y are the images of X and Y in R respectively. Set m := (x, y). Clearly, (R, m, k) is a CM local ring. It can be easily shown that e(R) = 2, µ(m) = 2 and dim(R) = 1. Therefore R has minimal multiplicity. Set M := (x), an ideal of R. Note that M is an MCM R-module. Considering the minimal free resolution of M :
we can easily compute the following:
Note that both projdim R (M ) and injdim R (M ) are infinite.
As a corollary of Theorems 4.3 and 4.4, we obtain a few necessary and sufficient conditions for a CM local ring of minimal multiplicity to be Gorenstein. in Corollary 4.7 does not quite follow from the result of Avramov, Buchweitz and Şega. We should also note that our proof is considerably simpler than theirs.
5. Criteria for regular and Gorenstein local rings via syzygy modules of the residue field
In this section, we give a number of necessary and sufficient conditions for a CM local ring of minimal multiplicity to be regular or Gorenstein. These criteria are based on vanishing of certain Exts or Tors involving syzygy modules of the residue field. Throughout this section, we are going to refer the following hypothesis: , and hence R is Gorenstein. In other case, injdim R (R) is finite, i.e., R is Gorenstein. So, in both cases, we obtain that R is Gorenstein.
(i) ⇒ (iii): If R is Gorenstein, then ω ∼ = R. Hence Tor , and hence R is Gorenstein. In other case, projdim R (ω) is finite, which also implies that R is Gorenstein.
5.2.
On direct summands of syzygy modules. We now provide a few criteria for a CM local ring of minimal multiplicity to be regular or Gorenstein in terms of direct summands of syzygy modules of the residue field. We use the following elementary result. This is probably known. But for the sake of completeness, we give its proof here. 
Lemma 5.5. Let (R, m, k) be a d-dimensional local ring (not necessarily be CM). Let N be an R-module. Fix an arbitrary integer n 1. Suppose Ext
i R (k, N ) = 0 for all n i n + d. Then injdim R (N ) n − 1.
Proof. We claim that Ext

{(ii) or (iii)} ⇒ (i):
To prove these implications, we may without loss of generality assume that R is complete. In view of Section 2.1, we may also assume that k is infinite. We prove these implications ({(ii) ⇒ (i)} and {(iii) ⇒ (i)}) by using induction on d. Case 2. Assume that n = 0. In this case, N must be equal to k. So the statement (ii) (resp. (iii)) yields that Tor R i (M, k) = 0 (resp. Ext i R (M, k) = 0) for some i 1. Therefore, in either case, we obtain that projdim R (M ) is finite, and hence R is regular by [Mar96, Proposition 7] .
If none of the above two cases holds, then we must have the following: Case 3. Assume that m, n 1. In this case, since Ω R m (k) and Ω R n (k) are submodules of free R-modules, and x is R-regular, we obtain that x is regular on both Ω 
In a similar way, we get that N ′ is isomorphic to a direct summand of Ω R n (k) or Ω R n−1 (k). Thus M ′ and N ′ are non-zero direct summands of some syzygy R-modules of the residue field k of R. Therefore, for both {(ii) ⇒ (i)} and {(iii) ⇒ (i)}, in view of (5.6.2), by the induction hypothesis, we obtain that R is regular, and hence R is regular as x ∈ m m 2 is an R-regular element.
Remark 5.7. It should be noted that in Theorem 5.6, unlike Theorem 5.2, we consider the vanishing of ith Ext or Tor for i 1. Here we give the criteria for Gorenstein local rings. 
for some i 1. In either case, we obtain that projdim R (ω) is finite, which implies that R is Gorenstein. Thus all three implications hold true when m = 0. So we may assume that m 1.
Since the residue field of R is infinite and d 1, there exists an element x ∈ m m 2 which is both R-superficial and R-regular. Set (−) := (−) ⊗ R R/(x). By Lemma 2.3(i), we have that R is a (d − 1)-dimensional CM local ring of minimal multiplicity. Since M is a direct summand of Ω R m (k), we get that M is a direct summand of Ω R m (k). We fix an indecomposable direct summand M ′ of M . As in the proof of Theorem 5.6, one obtains that
Since x is R-regular and m 1, we get that x is Ω R m (k)-regular, and hence x is M -regular. Since ω is an MCM R-module, x is ω-regular as well. Therefore, in view of Lemma 2.4, the statements (ii), (iii) and (iv) yield that Ext It is a wellknown fact that ω is a canonical module of R. Thus, from each of (ii), (iii) and (iv), in view of (5.9.1) and (5.9.2), by the induction hypothesis, we obtain that R is Gorenstein, and hence R is Gorenstein as x is an R-regular element.
Vanishing of Exts and Tors over deformation of CM local rings of minimal multiplicity
Suppose S is a quotient of a d-dimensional CM local ring of minimal multiplicity by a regular sequence of length c. Let M and N be MCM S-modules. In this section, it is shown that if Ext We now prove our main result of this section for Ext-modules. 1. Moreover, we prove that either projdim R (M ) or injdim R (N ) is finite. We prove these assertions by using induction on c.
Let us first consider the base case c = 0. In this case, S = R. Therefore, by virtue of Theorem 4.4, either projdim R (M ) or injdim R (N ) is finite. If projdim R (M ) is finite, then by the Auslander-Buchsbaum Formula, we get that M is a free Rmodule, and hence Ext 
That is, (6.2.2) is a short exact sequence of R ′ -modules, where N ′ is an MCM R ′ -module, and injdim R ′ (Y ) is finite. Since depth R ′ (N ) = dim(R ′ ) − 1, by the Depth Lemma, Y is an MCM R ′ -module. Therefore, in view of Proposition 2.8(i), Y ∼ = ω l R ′ for some l 1. Since M is an MCM S-module, we get that M is a CM R ′ -module of dimension dim(R ′ ) − 1. Hence, by Proposition 2.8(ii), we obtain that
The short exact sequence (6.2.2) yields the following long exact sequence:
Therefore, in view of (6.2.1) and (6.2.3), we get that We now consider a short exact sequence of R ′ -modules:
where F is a free R ′ -module. Since depth R ′ (M ) = dim(R ′ ) − 1, by the Depth Lemma, M ′ is an MCM R ′ -module. The short exact sequence (6.2.6) yields the following long exact sequence:
Note that Ext
Hence, in view of (6.2.5) and (6.2.7), we obtain that Ext We also obtain that either projdim R (M ′ ) or injdim R (N ′ ) is finite. We now show that Ext i S (M, N ) = 0 for all i 1. In view of (6.2.7) and (6.2.8), we obtain that Ext Here we prove our main result of this section for Tor-modules. Proof. We may assume that R (and so S) is complete. The implication (ii) ⇒ (i) follows trivially. So we need to prove the implication (i) ⇒ (ii). Suppose that Tor We first consider the base case c = 0. In this case, S = R. Therefore, by virtue of Theorem 4.3, either projdim R (M ) or projdim R (N ) is finite. If projdim R (M ) is finite, then by the Auslander-Buchsbaum Formula, M is a free R-module, and hence Tor S i (M, N ) = 0 for all i 1. In another case, i.e., if projdim R (N ) is finite, then N is a free R-module. In this case also, Tor Note that depth R ′ (M ) = depth S (M ) = dim(S) = dim(R ′ ) − 1. Similarly, one obtains that depth R ′ (N ) = dim(R ′ ) − 1. Consider the following short exact sequences of R ′ -modules:
where F and G are free R ′ -modules. Clearly, by the Depth Lemma, M ′ and N ′ are MCM R ′ -modules. The short exact sequences (6.4.2) yield the following long exact sequences:
respectively. Note that Tor
for all i 1. Therefore, in view of (6.4.1) and (6.4.3), we obtain that We also obtain that either projdim R (M ′ ) or projdim R (N ′ ) is finite. Hence, in view of the short exact sequences (6.4.2), we get that either projdim R (M ) or projdim R (N ) is finite (because F and G are free R ′ -modules and projective dimension of R ′ = R/(f 1 , . . . , f c−1 ) as an R-module is finite). It remains to show that Tor S i (M, N ) = 0 for all i c + 1. In view of (6.4.4) and (6.4.6), we obtain that Tor 
Applications
In this section, we assume the following:
Hypothesis 7.1. Let (R, m, k) be a d-dimensional CM local ring of minimal multiplicity. Set S := R/(f 1 , . . . , f c ), where f 1 , . . . , f c is an R-regular sequence. Also assume that R has a canonical module ω R . So ω S = ω R /(f 1 , . . . , f c )ω R is a canonical module of S.
Our first application is that conjecture of Tachikawa holds true for S. In particular, we prove the following: Proof. By virtue of Theorem 6.2, either projdim R (ω S ) or injdim R (S) is finite. Therefore, in view of Lemma 7.3, we get that either projdim R (ω R ) or injdim R (R) is finite. In both cases, R is Gorenstein, and hence S is Gorenstein.
The following results are well known and easy to prove. As another application, we obtain the following: 
